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Abstract. We discuss the derivation of the explicit form of contiguity rela-
tions and operators for the Gauss hypergeometric function and for its conflu-
ent family from the view point of Gelfand’s hypergeometric function. By this
approach, Lie algebraic nature of the contiguity relations is made apparent
and derivation of them becomes in a unified way for the Gauss hypergeo-
metric and its confluent family, which was originally discussed case by case.

1 Introduction

In this paper, we revisit the contiguity relations for the classical hypergeometric
functions (HGF, for short) from the view point of Gelfand’s HGF on the Grassman-
nian manifold and make clear the Lie algebraic structure of the set of contiguity
operators. The classical HGF we consider are the Gauss HGF and its confluent
family, namely Kummer’s confluent HGF, Bessel function, Hermite-Weber func-
tion and Airy function. Each function is characterized by the second order linear
differential equation on the complex projective space P'. Let = be the affine coor-
dinate of P! = CU {oo}. Then the equations are

Gauss: z(l—2)y" +{c—(a+b+1)a}ty —aby =0,
Kummer: 23" + (¢ — )y’ — au =0,
Bessel: zy” + (c+ 1)y’ +y =0,
Hermite-Weber: 3" —zy' +ay =0,
Airy: ¢ —xy =0.
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These equations are denoted as Eq, Fx, Eg, Egw, E 4, respectively. Among them,
Gauss, Kummer and Bessel equations have a regular singular point at x = 0 and
have the solutions expressed by the power series
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respectively, where

L,

(@)m = ala+1)---(a+m—1), m>1

I'(a+m)
I'(a)
is so-called the Pochhammer symbol expressed in terms of the gamma function
I'(a). Let us explain what is the contiguity relation for the Gauss HGF. It is
well known ([8]) that there are the first order differential operators which connect
2F1(a,b,c;z) to oFy with one of the parameters a, b, ¢ increased or decreased by
1. For example, we know

(:1:8+ a) 2F1(a7b7 C,«I) =a- 2F1(a + l,b,C;CC),
(z(1—2)0+c—a—bx)Fi(a,b,c;x) = (¢ —a) - 2Fi(a—1,b,¢; ),
where 0 = %. These identities are called contiguity relations and the differential
operators which give these relations are called contiguity operators. Note that
these contiguity relations hold not only for oF}(a,b,c;z) but for any solution of
the Gauss hypergeometric equation Eg(a,b,c). Fix any point zo € P!\ {0,1,00}
and let S(a, b, ¢) denote the solution space of Fg(a, b, ¢) at xg. Then the differential
operators L(a™,b,¢) :== 20+ a and L(a™,b,c) := z(1 —x)0 + ¢ — a — bz give linear
maps

L(at,b,c) : S(a,b,c) = S(a+1,b,¢), L(a",b,c):S(a,b,c)— S(a—1,b,c)

and when a(c —a — 1) # 0, the operator L(a™,b, ¢) gives an isomorphism.

In this paper we derive the contiguity relations and contiguity operators explic-
itly for the Gauss HGF and its confluent family using the viewpoint of Gelfand’s
HGF. For the Gauss HGF, the contiguity relations are well studied ([3, 4, 8])
and, before the work of I. M. Gelfand ([5]), W. Miller ([14]) clarified the Lie al-
gebra structure of the contiguity operators not only for the Gauss but also for its
generalizations to several variables. Several authors studied the explicit form of
contiguity relations using the viewpoint of Gelfand’s HGF ([6, 12, 16]). For the
confluent family of Gauss HGF, the contiguity relations are classically known, see
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[3, 4] for example. The Lie algebraic aspect of contiguity relations for the classical
HGF of confluent type is discussed case by case in [15] by W. Miller. On the
other hand, the approach from the viewpoint of Gelfand’s HGF was discussed in
[10]. But in that paper, the way of obtaining the explicit form of contiguity rela-
tions was not sufficiently discussed for the Gauss’s confluent family. In this paper
we carry out this task for Kummer, Bessel, Hermite-Weber functions. We also
demonstrate that the famous formulae I'(a + 1) = al'(a) for the gamma function
and B(a + 1,b) = 43 B(a,b) for the beta function are also derived by using the
same idea.

This paper is organized as follows. In Section 2, we explain how the classical
HGF's are connected with Gelfand’s HGF (Subsection 2.3) and how the contiguity
relations for Gelfand’s HGF (of confluent type) are derived from the generalized
root space decomposition of the Lie algebra gl(IN) (Subsection 2.2). In Section 3,
using the facts explained in Section 2, we derive the explicit form of contiguity
relations (operators) for Kummer, Bessel, Hermite-Weber functions. The results
are given in Propositions 3.1, 3.3, 3.4 and 3.5. In Section 4, we show that the
famous recurrence relations for the beta and the gamma functions are also derived
in the same spirit.

2 Gelfand’s HGF and Gauss’ confluent family

In this section we review the connection of the classical HGF family with Gelfand’s
HGF. The key point is the integral representation of solutions of the differential
equations Eqg, Ex, Ep, Egw, Ea. They are

Ig(x) = / w1 — w) (1 — zu) " du,
C

I (x) = / eyt (1 — u) T L du,
C

Ig(z) = / ey dt = / e wu du,
C ’

zu—iu?, —a—1
Inw(z)= [ ™ 2%y du,

C

Iu(z) = / emu=u 3y, (2.1)
C

If we take various paths of integration C' in the integral representation I;(x), we
have solutions for the differential equations E;. For example, if we consider I (x)
and Ix(x) and take the path (ﬁ in the complex u-plain which starts from 0 and
end at 1 in the integrals, then we have the power series solutions

oF (a,b,¢c;x) = F(a)FF((Z)—a)/O w1 —w) (1 — zu) " du, (2.2)
1Fi(a, b, c;x) = F(a)?i?a)/o ey (1 — u) " du. (2.3)
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It is known ([9, 11]) that these functions are identified with Gelfand’s HGF on the
Grassmannian Gr(2,4), which we shall explain below.

2.1 Gelfand’s HGF

Let N > 3 be a positive integer and let Gr(2, N) be the Grassmannian manifold
of 2 dimensional linear subspaces in CV. Let A be a partition of N, namely
A = (n1,n2,...,mn¢) is a tuple of non-increasing integers ny > ng > -+ > ny > 0
with |A] :=ny +na + -+ ng = N. For example, the partitions of 4 are given by

(1,1,1,1), (2,1,1), (2,2), (3,1), (4). (2.4)

To a partition A of N we associate a maximal abelian subgroup Hy = J(ny) X
-+ X J(ng) of the complex general linear group GL(N), where

ho hi ... hp

Jn)y=<{h= R : | hoy ..o yhn—1 € C 3 C GL(n)
) hy
ho

and (b, ... h) € J(ny)x---xJ(ng) is identified with the block diagonal matrix
diag(hM, ..., h®) € GL(N). If we denote by A the shift matrix (8;11;)1<ij<n Of
size n, then h € J(n) is expressed as h = Z;S hiAF. Gelfand’s HGF of type A
is defined as a Radon transform of a character x of the universal covering group
H,. Tt is, roughly speaking in the case we are concerned, to substitute linear
polynomials of ¢t = (¢g,t1) into the character and integrate it on an appropriate
path in P! with the homogeneous coordinates ¢. A character y of Hy means a
Lie group homomorphism x : Hy — C* in this paper. To describe a character,
we need the following. Let = (zg,z1, 22, ) be the variables and let T" be the
indeterminate. Define the functions 6 (x) (k > 0) by

1 T T?4+...) =1 1 1 ZErE ) =N 0, (2)TF.
og(zo + 1T + zoT% + ) =logzg + og( +k§:1 . ) k§:0 k(z)

The right hand side is obtained by using log(1 + X) = >, (’1,1H1Xk. Then
0o = log o and B

o) = S () () ez,

where the sum is taken over tuples (i1,...,%y,) with 41,...,4,, > 1 and i; +--- +
im = k. In particular, 61, 65,03 have the form
3
1 T1
o2
3 (1’0)

2
o w1 (m T3 (T (22
91($)_ggo’02(m)_$o 2(330) ’93(@_330 (mo) <$0>
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Lemma 2.1. [11] The correspondence

n—1

h="Y " hph¥ = (ho,01(h), ..., 0n_1(h))
k=0

gives a group isomorphism J(n) — C* x C"~1 where C"~1 denotes the additive
group with the vector addition.

By this lemma, we see that the universal covering group J(n) of J(n) is iso-
morphic to C* x C"~1. Then we can describe the characters of J(n) and H,y.

Lemma 2.2. For a character x of J(n), there exist a = (g, ..., n_1) € C" such
that
n—1 n—1
X(h) = hg® exp (Z ozk@k(h)> ;o h=) hpAR.
k=1 k=0

This character will be denoted as xn(-, ).

Lemma 2.3. Any character x : Hy — C* is given by

14
X(h, @) =[] xn, (B, 0!, b= diag(h™,...,n9), 1) € J(n;)
=1

for some a = (aM,...,a®)eCVN, o= (agi),agi), el ) e Cmi.

» i, —1

For a character x(-, ) of H,, we assume the condition

i #0 ifn; > 2, 1 ¢
;31{¢Z 22 e = -2 25)
(2

To consider the Radon transform of a character of Hy, we prepare N linear
polynomials of t = (tg,t1) by specifying the coefficients of them by a matrix
z € Mat(2, N):
‘ . _ _ MO
z=(zW, ..., 20, 20 = (z(()l), ce z,(;)fl)7 zl(;) = %“ € C2 (2.6)
1k

)

Let Zy be a Zariski open subset of Mat(2, V) defined by
det(z(i) z(j)) #0 fori#j
det(zy’,2,) #0 for i with n; > 2
For z € Z, we define N linear polynomials by

tz = (tz(l), . ,tz(l)), tz() = (tz(()i)7 R tzr(fi)_l), tz,(j) = tozéfi + tlzﬁC

We use the convention that ¢z(¥) is identified with D 0<k<n; (tz,(j))Ak € J(n;) and
tz is regarded as an element of H.
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Definition 2.4. The Gelfand’s HGF of type A is the function on Z, defined by

F(z,05C) = / x(tz,a) -1, T =todt; — tidty.
c

where C is an appropriate path in the t-space P! representing an element of certain
homology group.

Using the fact 7 = t2d(t1/to) and the condition (2.5) on «, we can write
the above integral in terms of the affine coordinate u = t;/ty in the affine chart
{[t] € P! | to # 0} of PL. Put @ = (1,u). Then

F(z,o;C) = / x(tz, a)du.
c
The following property of Gelfand’s HGF of type A is important for the derivation
of contiguity relations for the classical HGF family. Consider the action of GL(2) x
H)y on Mat(2, N) defined by

GL(2) x Mat(2, N) x Hx > (g, 2, h) — gzh € Mat(2, N).
Then we see that it induces the action of GL(2) x Hy on Z,.

Proposition 2.5. The following identities hold.

(1) F(zh,a;C) = x(h,a)F(z,0; C), h € Hy,

(2)  Flgz,0;0) = (detg) "' F(z,0;C), g € GL(2),
where C = {C(2)} is obtained from C(z) by the projective transformation P 3
[t] = [s] := [tg] € PL.

2.2 Contiguity relation for Gelfand’s HGF

We recall how the contiguity relations for Gelfand’s HGF are described. See also
[10]. Let g = gl(N) be the Lie algebra of G = GL(N) and by be the Lie algebra
of Hy which is an abelian Lie subalgebra of g. Since Hy = J(ny) x - -+ x J(ng), we
see that hy =j(n1) & --- @ j(ng), where j(n) denotes the Lie algebra of J(n). Let
X € by be expressed as

X =diag(XD, ..., XO) e Mat(N), XD = 3" XPA*e€jm;)  (28)
0<k<n;

with X,gl) € C and the shift matrix A. Since b is abelian, we have a commuting
family of Lie algebra homomorphisms {adx € End(g) | X € ha}, whereadx (YY) :=
[X,Y]:= XY —Y X. Then we can decompose g into the simultaneous generalized
eigenspaces with respect to this commuting family of endomorphisms:

g=0m&Paa, A={D -l [1<itj<i} (2.9)
aEA
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Here, e is the element of the dual space b3 of b which maps an element X of
the form (2.8) to X(()z) € C, A denotes the set of roots and

Je(i) _e) = {Y €g] (adX — (e(i) — e(j))(X)) Y =0forVX €bhy,Ime N}.

We can see that each generalized eigenspace g.¢)_.(;) contains 1-dimensional eigen-
space with a basis vector E_ ) _.;) which is the matrix unit given as follows. Ac-

cording as the partition A = (nq,...,n¢) we express Y € g in block-wise as
vy oo y@o
Y = : :
vy .. y@n

with the (7, ) block y @i e Mat(n;,n;). Then E ) _. is the matrix unit whose
only nonzero element 1 locates at the upper right corner of (i,j) block. The
contiguity relations for Gelfand’s HGF of type A are provided by the infinitesimal
action of the 1-paramter subgroup s — exp(sFE.)_.u) ). Let Y be a root vector in
the generalized root space decomposition (2.9). Then we see that the 1-parameter
subgroup {exp(sY)}scc preserves the space Z, and acts on functions on it. Then
we have its infinitesimal action in the form of the first order differential operators
on Z. Namely, for a holomorphic function f on Z,, define the differential operator
Ly by

d
(Ly f)(z) := %f(z exp(sY))]s=o- (2.10)
When Y = E.)_., the operator Ly will be denoted by L) _ ).

Proposition 2.6. Let F' be Gelfand’s HGF of type . Then we have

Lo cnFlz,0) = a9 F(z,a+ e — ), (2.11)

nG;—

where o o+ €D —9) implies, fora = (oM, ... a®), o) = (aék), ce 047(1]2)71),

the change oz(()i) — a(()i) +1, aéj) — oz(()j) — 1 leaving the other entries unchanged.

2.3 Classical HGFs as Gelfand’s HGF

Classical HGFs are realized as Gelfand’s HGF considering the case N = 4 and
partitions of 4 given in (2.4). For each partition A in (2.4), there corresponds
Gauss, Kummer, Bessel, Hermite-Weber and Airy function, respectively, which
we shall explain in the following. For a ) of 4, the character of Hy and the space
Zy, on which Gelfand’s HGF of type A is defined, are as follows. Here we use a
slightly different manner of the indices from that of the above subsections in order
to avoid the cumbersome notation.
Group Hy:



18 H. Kimura

hi hi hy hs
ho h1 ho
Hiyja,) = hs ,  Hgpy = hy )
h4 h4
hi  h hy hy hs hy
hi hi1 ho hs
Hi) = hs , Huy = hy he | (7
h4 hl
hi  ho
hy
H(2,2) = h3 h4
h3

Character yx:
X(1,1,1,1)(h704) = hi‘lh32h?3hf“,

h
X(Q,l,l)(h7a) - h‘lll exp (a2hj> thhZz;,

h h
X(2,2)(h, @) = h{" exp as—= | h§*exp ),
hi hs
a hg h3 1 h? ? «
wonth) = o ot s (3 () o

. ha hs 1 (hy\’
X(4)(h,a) = h{" eXP{Qth + a3 <h1 3 (hl) )

Matrix space Zy:
Z11,1) = 1(21, 22, 23, 24) € Mat(2,4) | det(z;,z;) #0 (1 # j)},

det(z1,2;) #0 (2<j <4
Ziaa) = {(21,22,23724) € Mat(2,4) | (1, ( ) )

det(z3,24) # 0
det(z1,2;) #0 (2 <5 <3)
Ziga) = 4 (21, 29, 23, 24) € Mat(2, 4 :
(2,2) {(21 22,23, 24) € Mat(2,4) | det(z5, 24) # 0
det(z1,22) # 0
Z = , 29, 23, € Mat(2,4 ,
(3,1) {(21 72,723, 24) € Mat(2,4) | det(z1, 24) £ 0

Z4y = {(21, 22, 23, 24) € Mat(2,4) | det(z1,22) # 0} .

Taking into account Proposition 2.5, consider the orbit space GL(2)\Z/H of the
action GL(2) ~ Z) v Hy. Then we can have the realization X of the orbit space
in Z as follows.
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4 19:) |m#0,1}, X(g,m:{(é
X(2,1,1) = {((1) _11> | T F# 0}; X(4) = {(é
(R I

Then the classical HGF family can be identified as Gelfand’s HGF on X, with the
parameters chosen appropriately.

(1) A= (1,1,1,1) > Gauss:

1
Xy = {(0

—_— o = O
OO 8 O
=)

S

N———
—

_0 8 © = O

o = O

a = (ay,az,a3,04) = (b—c,a—1,c—a—1,-b),

1 0 1 1
X = (X17X27X33X4) = 0 1 -1 )

—x

F(x,a;C) :/(ﬁxl)al(ﬂxz)QQ(ﬁxS)o‘B(ﬁX4)a4du
c

= / 1917992 (1 — u)** (1 — uzx)*du. (2.12)
c
(2) A=(2,1,1) +» Kummer:
a=(a1,az,as,a4) :=(—¢,l,a—1,c—a—1),
. (00 1
X = (X1,X2,X3,X4) = 0 1 -1/
F(x,a) = / (iix1)*" exp <a21ﬁx2) (iix3)2® (@x4)* du
C uxi

= / 19 exp(zu)u®® (1 — u)**du. (2.13)
c

(3) A =(2,2) +> Bessel:

Q= (04170427013,044) = (C - 17 ]-7 —C— ]-7 ]-)a

1 0 0 —x
X = (X17X27X37X4) - 0 1 1 0 9

F(x,a) = / (tix1)™* exp <L_L,X2> (tux3)™* exp (EL,X4> du
c

uxi

:/ 19t exp(u)u™® exp(—x/u)du. (2.14)
c
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(4) A = (3,1) <> Hermite-Weber:

a = (ay,az,a3,04) = (a—1,0,1,—a — 1),

1 0 0 O
X:(X17X27x37X4): 01 z 1)/

F(x,0) = /C(axl)al exp {ﬁxd ! (MY} (Gxs)™du  (2.15)

ﬁXl 2 17[:X1

1
= / 1% exp (mu — u2) u**du.
c 2

(5) A= (4) + Airy:

o = (041,012,(13,0[4) = (_270707 _1)7

»

I
)
=
»
g
»
&
el
'S
N—
I
N\
O =
=]
o O
(an)
~__

3 Contiguity relations of the classical HGF

In this section, we derive the explicit form of contiguity relations for the classical
HGF from Proposition 2.6.

3.1 Gauss case

As we have seen in Subsection 2.3, the Gauss HGF 3 F}(a, b, ¢; z) is identified with
Gelfand’s HGF of type A = (1,1,1,1) on the realization X = X, C Z) of the
quotient space GL(2)\Z,/H,. We adopt the notation used in Subsection 2.3 for
numbering the indices for matrices, etc. In accordance with this convention of
notations, the rows and columns for Y € gl(4) are indexed by {1,2,3,4}. Then
Proposition 2.6 gives the following result.

Proposition 3.1. The contiguity relations for Gauss HGF oFy(a,b, c; x) are given
as follows according to the roots A = {e() — W) | 1 <4 # j <4},
(1) £(e® — @)

Lo e 2Fi(a,b,c;2) = (¢ — 1) - 2Fi(a—1,b,c = 1;2),
a(b—c)

L.o_. 2Fi(a, b, ;) = 9P (a+1,b,c+ 1;2),
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whe16
Le(l) e(2) x 1 €T T c 1 x?

d
Le(z),eu) = (1 - Z‘)% — Q.

(2) (e —eB))
Le(l)—e(:’) 2F1(a7bv C;ZL') = (Ci 1) . 2F1(a7bvc - 1756)3
(c—a)(c—1b)

Le(3)—e(1) 2F1(a7 bv [oX fE) = : 2F1(a7 bv c+ ].,CL'),

where
d
Ley_e» = v te-1,
L S R,
e(®) —e(1) — X dr a C.
(8) +(eM —e®):

L.oy_ow 2F1(a,b,c;2) = (=b) - oF1(a, b+ 1,¢;x),
Low_.m 2F1(a,b,c;x) = —(c=b) - 2F1(a,b— 1, ¢ ),

where
Le(1),e(4) = —x@ — b,

d
Lowy_ooy = —x(1 — x)% +b—c+az.

(4) £(e® —e))
L.2 _. oFi1(a,b,c;x) = a- oF1(a+1,b,¢;x),
Le(a)fe(r") 2F1(a'a ba C; 3?) = (C - G,) . 2F1(a - 17 ba G Z‘),

where

Lo _o» =2 +a,

dx
L (- Ly b
e(®) _e(2) = T X dCL' C a ZX.
(5) £(e? — @)
ab
L. _ow 2F1(a,b,c;x) = - oFi(a+1,b+1,¢+ 1;2),
Lo _o 2F1(a,b,c5z) = (c—1) - 2F1(a—1,b—1,¢c— 1;2),
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where

d

Lo ey = ——
e e dz’

d
Lowy_o =2(1 — x)ﬂ +c—14(1—a—b)x.

(6) £(e®) — @)

b(c—a)

L.3_cw 2F1(a,b,c;2) = — < oFi(a,b+1,¢c+ 1;2),

Lowy_o o F1(a,b,c;2) = (¢ — 1) - 9Fy(a,b—1,¢c— 1;x),

where

d
L.)_pa) = (1 — x)% —b,

d
Loy _e = (1 — Ji)% +c—1-azx.

Proof. 'We show only the case (1) since the other cases are shown in a similar
way. Take

1 0 1 1
x:(xl,xQ,X3,X4):<0 1 1 —x)EX'

Then, comparing (2.2) and (2.12), the Gauss HGF and Gelfand’s HGF restricted
on X are related as

F(x,a) = C(a)2Fi(as + 1, —ay, as + ag + 2; z), (3.1)

where the path of integration in the left hand side is (ﬁ connecting 0 to 1 in
u-plane, the parameters a and those of Gauss HGF are related as

(Of17012,0é3,a4):(b_c7a—17c—a—1,—b) (32)

or
(a,b,c) = (ag + 1, —ay, s + a3 + 2)

and the constant C'(«) is

Tz + DTz +1)  T(a)I'(c—a)
O =TTt~ T (3:3)

To obtain the contiguity relations, consider the action of the 1-parameter subgroup
generated by the matrix unit Eq o(resp. Es 1), which is a root vector corresponding
to the root e — e(2) (resp. e — e(l)) in the root space decomposition of the Lie
algebra g = gl(4). Then Proposition 2.6 says for the root e — e that

L.vy_co F(x,0) = o F(x, 0 + e — 6(2)) (3.4)
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with the operator defined by

(L - P)0) = 5= Fxexp(sF1.2)) o (35

Let us compute the operator L,)_.e). Consider the 1-parameter subgroup gen-
erated by I > and its action on x:

z(s) = xexp(sE1 2) = (X1,X2, X3, X4)

. . (L o1
= (X1,X2 5X1,X3,X4) = O 1 71 —r N

We normalize z(s) to the normal form x(s) € X. Put g1 = < é i ) and h =
diag(1, ho, h3, hy) € H and consider

1 . 1 0 (1 + S)h3 (1 + Sl‘)h4
g #(s)h = ( 0 hy  —hs —zhy '

Next take go = ( ! L ) and consider
2

1 1 0 (L+s)h 1+ sx)h
921g112($)h<0 1 ( )3 ( )4>

—hyths  —xhy'hy
Determine h as hy = hg = (1+ )71, hy = (1 + sx)~! so that we have
st sen=xe= (o ) ) w0 =4
It follows from Proposition 2.5 that
F(2(s),a) = det(g192) "' x(h, @) "' F(x(s), )
= (14 s)*2 Tt (] 4+ s2)M F(x(s), ). (3.6)

Then the left hand side of (3.4) is computed as

d
Lemfe(z)F(X, a) = £F(Z(S)7Oé)|s:0

= gy gt t (1 1 s2) i F(x(s), ) [sco

ds
OF (x,a) dx(s) |
Oz ds *=°

d
= {x(l —x)ﬁ +as + as +1+a4:c}F(x,a).

=(as+as+1+a2)F(x,a)+
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Hence the operator L.u)_.) defined by (3.5) is given by

d
L.ay_c» = (1 — x)% +oas+as+ 1+ aqx.

Taking account (3.2) and

Cla+el) —e®) Tag 4+ as + 2) Fag)T(ag + 1)

C(a) N P(ag + DMz + 1) . I(as+as+1)
Qg + a3 + 1

?

Qa2

the relation (3.4) is translated to the first half of the contiguity relations in (1) for
the Gauss HGF:

{x(l —x)% +c—1 —bx} oF1(a,b,c;x) = (c—1)- 9F1(a—1,b,c— 1;x).

In a similar way, we shall compute the second half of the contiguity relation cor-
responding to the root e(® — e Consider the 1-parameter subgroup generated
by the corresponding root vector E,; and its action on X:

Z(s):><e>q>(sE271):(1 C )

S —ZT

We normalize z(s) to the normal form. Take g1 = ( i (1) )7 h = diag(hq, 1, hs, hy)

and get
1 . hl 0 h3 h4
g1 2(s)h = ( 0 1 —(1+s)hy —(z+s)hs )°

Next take go = ( In ) and consider

1

1 -1 (10 hiths hithy
92 91 Z<s>h_(0 1 —(1+s)hs —(z+shy )’

Determining h by hy = hg = hy = (1 + s)~!, we have

95 g1 '2(s)h = x(s)

x(s)=((1) (1) _11 _:cl(s))’ x(”:ﬁj

Then from Proposition 2.5, we have

with

F(z(s), @) = det(g192) " x(h, a) T F(x(s), )
= (14 s)mtastastlpix(s) a). (3.7)
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Let us compute the left hand side of (3.4) using (3.7). Noting oy +az+os +1=
—ag — 1, we have

d
L.o_.nF(x,a)= £F(z(s),oz)\s:o

N O
OF (x, ) dx(s)

= (o DEc e+ =5

- {(1 —x)% - 1}F(x,a).

So (3.4) implies

d
{(1 - x)% —ag — 1} F(x,a) = oy F(x, o+ e® — ),

Taking account of (3.2) and

Cla+e® —e) Dl +a3+2) Dlag+2)T(as +1)

C(a) - T(ag + DT (az + 1) I'az +as +3)
N a9 + 1
g+ a3+ 2’

the relation (3.4) is translated to the second half of the contiguity relations in (1)

d b—
{(1 fa:)% - a} oF1(a,b,c;x) = ab=¢). oF 1 (a+1,b,c+ 1;2).
c

Remark 3.2. In the above proposition, we showed that the contiguity operators for
the Gauss HGF are obtained from the action of 1-parameter subgroup generated
by root vectors E.u)_.u). It is to be noted that the operators L.u)_.u) does
not necessarily satisfies the similar commutation relations for the root vectors
E, ) _.. For example, we know [E.1)_.2), Ey2)_o®] = Foa)_e holds for the
root vectors, but we do not have [L,)_o@, Le@ _o®] = Lo _o3. It come from
the fact that we used Proposition 2.5 in order to reduce z(s) = xexp(SE.¢)_.())
to the normal form x(s) and as a result the operator is twisted. The same remark
should be added to the confluent family case.

3.2 Kummer case

From (2.3) and (2.13), Kummer’s confluent HGF 1F}(a,c;x) is identified with
Gelfand’s HGF of type A = (2,1, 1) on the realization X = X C Z, of the quotient
space GL(2)\Zx/H,. We adopt the notation in Subsection 2.3 for numbering the
entries of matrices. We have

F(x,a) =C(a)1Fi(as + 1, a3 + aq + 2; 2), (3.8)
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where a = (a1, ag, a3,a4) = (—¢,1,a — 1,c — a — 1), the path of integration C in
(2.13) is 0,1 and
Flas+ DN ag+1)  T(a)T(c—a)

Cla) = T(az + ag +2) - I'(c) ’ (3:9)

Then Proposition 2.6 gives the following result.

Proposition 3.3. The contiguity relations for Kummer’s confluent HGF 1 Fy(a,c; x)
are given as follows according to the roots A = {e() —el) |1 <4 # j < 3}.
(1) £(eM — @)

Lew e 1Fi(a,cix) = (¢ —1) - 1Fi(a—1,¢ = L),
a

Lo _e1Fi(a,cx) = o 1Fila+1,¢c+1;2),
where p J
L.y_.2 = x% +c—1—z, L.o_.0) = e

(2) £(e® — ).

Le(l)—e(s) 1F1(CL,C;Z') = (Ci 1) . 1F1(a70* 1,1‘),
c—a

Lo _ey 1Fi(a,cx) = 1P (a,c+ 1;2),

where

d d
Loy_es = m% +c—1, L.s_.a) = - 4 1.

(3) £(e® — ().

L.oy_oo» 1Fi(a,c;2) =a- 1Fi(a+1,¢x),
L. _c1Fi(a,c;z) = (c—a)- 1Fi(a—1,¢x),

where p
L,2y_,3y =2—+a, L.s_,2 =2—+c—a—z.
dx dx

Proof. 'We prove the case (1) only. Note that x € X5 1) in (3.8) is given
1 0 0 1
0 =z 1 -1
the root vector given by the matrix unit F; 3 and the action of the 1-parameter
subgroup exp(sE; 3) on x. Then we have

by x = (X1,X2,X3,X4) = . For the root e — e we take

z(s) = xexp(sE1 3) = (x1,X2, X3, X4)

—( i )= 1 0 s 1
= X, X2, X3 T+ SX1,X4) = o 01 1 )
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Let us normalize z(s) to the normal form x(s) = ( L 00 31 > by the
action of GL(2) x H(z1,1). Take

1 he
1 s 1
g1 = ( 0 1 > h= hs
ha
and consider g; *z(s)h. Then we have
1 (1 ha—sz 0 (1+4s)hs
91 2(s)h = ( 0 T hs —hy :

. . 1 .
To normalize the first and third column vectors, take g, = ( L ) and consider
3

-1 —1 _ 1 hg —sx 0 (1+S)h4
92 91 Z(S)h— ( 0 h;l.’lf 1 _h§1h4 .

Then taking h with hy = sz, hz = hy = (1 + )1, we have

st son=xt= (g 000 L) el =@

Then from Proposition 2.5 we have

F(z(s), o) = det(g192) " x(h, ) T F(x(s), o)
=e (1 4 s)® T F(x(s), a). (3.10)

We compute the left hand side of (2.11) for the root ") — () using (3.10).

d
Looy_o» F(x,a) = ——F(2(5), a)]s=0

ds
d
= ST ) R (x(s), ) o
s
d
= {xdx—ﬁ—ag—i—azl—i—l—x}F(x,a).

So (2.11) implies

d
{xdx +agt+ayg+1-— x} F(x,a) = azF(x,a + e — 6(2)).

Noting (a1, az,as,04) = (—¢,1,a—1,c—a—1),a+e® —e® = (a1 +1, a0, 3 —
1,a4) and (3.9), which implies

Clate® —e?)  aztas+1
C(w) N ag ’
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we have the contiguity relation

{1’;4—0—1—1’} 1F1(G,C;$):(C_1)' 1F1(a—1,c—1;x)
X

with the contiguity operator L,a)_.2) = a:% +c—1-—uz.

Next we consider the case for the root e(® — e(). In this case a root vector is
given by the matrix unit E5 . So, as in the previous case, we consider the action
of the 1-parameter subgroup on x € X5 1 1):

1 0 0 1
Z(S) = xeXp(sE372) = (Xl,Xg + SX3,X3,X4) = ( > .

Then we see that z(s) is already in the normal form

X9~ (5 oy | 1) et

and hence F(z(s),a) = F(x(s),a). Now we can compute the left hand side of
(2.11) for the root e® — e

d
Le(z)_e(l)F(X, a) = %F(X(S), Oé)|5:0

_ OF(x,a) dx(s) _d
- Ox ds ls=0 = de(x,a).

So (2.11) implies

d

d—F(x, o) = wF(x,a+e? — ),
x

Taking into account that

Cla+e® —el)  az+1 a

C() _a3+a4+2:c

we get the contiguity relation:

d
%1F1(G,C;{E):%~ 1F1(a+1,c+1;:v)

with the contiguity operator L c)_.1) = %.

3.3 Bessel case

From (2.1) and (2.14), we see that the Bessel integral I(c;x) is identified with
Gelfand’s HGF of type A = (2,2) on the realization X = X C Z) of the quotient
space GL(2)\Zx/H,. We adopt the notation in Subsection 2.3 for numbering the
entries of matrices. We have

F(x,a) = Ip(c; x), (3.11)
where o = (a1,a2,a3,a4) = (¢ — 1,1,—c — 1,1) and x = (x1,X2,X3,X4) =

<é ? (1) —Ox> Then Proposition 2.6 gives the following result.



Lie algebra of contiguity for Gauss and its confluent family 29

Proposition 3.4. The contiguity relations for Bessel integral Ig(c,x) are given
as follows according to the roots A = {£(e(!) —e())}:

Loy e Ip(c;x) = Ip(c+ L2),
Le(z)_e(l)IB(C; ZZJ) = IB(C — 1; .T),

where

d d
P L.2y_.0) = .7;% +c.

Proof. Strategy is the same as in the Kummer’s case. To show the first
relation, note that the root vector for the root e() — e(?) is given by the matrix
unit F; 4 and consider the action of the 1-parameter subgroup s — exp(sE 4) on
X:

Loy o = —

10 0 —(z-—
z(s) = xexp(sEi4) = (X1,X2,X3, X4 + X1) = ( 011 (x—s) >

Since z(s) is already the normal form

xo=(5 17 W) ew—ans

we have F(z(s),a) = F(x(s),«) and we can compute the left hand side of (2.11)
as

d OF(x,a) d
Ldm_debga):——lNz@%oﬂhzo:A—égiﬁ Zf)

d
0 = ——~ P(x,q).
75 ls=0 (x,a)

dx

So (2.11) implies

{—CZE} F(x,a) = ayF(x,a + e — e?),

Noting that a = (a1, a9, a3,4) = (¢ —1,1,—c—1,1) and that a — a+ e —e®)

is the change a3 — a1 + 1, a3 — a3 — 1, we have the contiguity relation

d
f%IB(c;x) =Ig(c+ 1;2)

with the contiguity operator L, a)_.) = —%.

Next we prove the second half of the proposition briefly. The root vector for
e® — e is the matrix unit E3 5. The action of the 1-parameter subgroup on x is

1 0 0 —=zx
z(s) = xexp(sEs2) = (x1,X2 + $X3,X3,X4) = < 0 1+4s 1 0 > .

Normalization x(s) of z(s) is

o= 10 W) e
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where x(s) = g~12(s)h with g = ( %1 (1) ), h = diag(hi,h1,1,1) € Hg ) with

hy = (1+ s)~!. Then Proposition 2.5 tells us
F(z(s),a) = det(g) " 'x(h,a) ' F(x(s),a) = (1 + s)** T F(x(s), a). (3.12)

Then using (3.12), the operator L. _.a1) can be computed as

d
Le(2)_e(1)F(X, a) = d

PGS 5)HF(x(5), a)ls=0

d
= {xd[I; + (Oél + 1)} F(X,Oé).
So (2.11) reads as
d
{xdx + (o1 + 1)} F(x,a) = asF(x, o + o® _ 6(1))’
which gives the contiguity relation
xi +cpIp(cx)=Ip(c—1;z)
dx B\GT)=1p ;
with the contiguity operator Ly _,1) = 2+t +c.

3.4 Hermite-Weber case

By comparing (2.1) and (2.15), Hermite-Weber integral Ipw (a;z) is identified
with Gelfand’s HGF of type A = (3,1) on the realization X = X, C Zy of the
quotient space GL(2)\Z,/H,. We use the similar notation as above for numbering
the entries of matrices. Note that an element x € X3 1) is of the form x =

1 0 0 —
(X17X2,X3,X4)=(0 11 Ox> and

F(x,a) = Igw(a;z), (3.13)

where o = (a1, @2, a3,4) = (a — 1,0,1, —a — 1). Then Proposition 2.6 gives the
following result.

Proposition 3.5. The contiguity relations for the Hermite- Weber integral Igw (a; )
are given as follows according to the roots A = {£(e(!) —e(?))}:

L.ovy_coIpwl(a;z) = (—a— 1) Igw(a+ 1;2),
Lo _coyIlgw(a;x) = Igw(a — 1;2),

where

d d
Levy_e» ==——2, L.»_.0)=—.
e e dl‘ ) e e dl‘
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Proof. We proceed in the same way as in the Bessel case. Note that the
matrix units £ 4 and Ejy 3 are root vectors for the roots e — e and e® — 6(1),

respectively.
1) e —e? case. Consider the action of 1-parameter subgroup s + exp(sE1 4)
onx € X:
1 0 0 s
z(s) = xexp(sE1,4) = (X1,X2,X3, X4 + §X1) = ( 01 = 1 > .
We check that z(s) is normalized to
10 0 O
x(s) = ( 0 1 a(s) 1 > ) z(s)=xz+s (3.14)
by the action of GL(2) x H s ). Take
1 hy hs
_ 1 s _ 1 h2
9= < 01 ) y b= 1
1

and consider g~!z(s)h. Then we have

1 (1 hy—s hz—shy—sz 0
g Z(S)h_<0 1 ho+a 1)

Taking h with hy = s,hz = s? + sz, we see that g~'2(s)h is of the normal form
given in (3.14). It follows from Proposition 2.5 that

F(z(s), o) = det(g) ™ x(h, ) ' F(x(s), )
1

= exp(—sz — 532)F(x(s), a). (3.15)

Then by using (3.15), the left hand side of (2.11) in this case is computed as

d
Loy_e»F(x,a) = %F(z(s)ﬂ)\s:o

OF (x, ) dz(s) |
oz ds 7"

= Lexp(—sz — 35" moF(x,0) +
R

{d - w} F(x,a) = asF(x, o0 + M) — ),

So (2.11) implies

dx

Noting that a = (a1, @2, a3,a4) = (@ — 1,0,1, —a — 1), we have the contiguity
relation

{ddx - x} Inw(a;z) = (—a — DIgw(a+ 1; ).
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2) e?) —e() case. Consider the action of the 1-parameter subgroup {exp(sEy3)}
onx € X:

1 0 0 0
Z(S)ZXeXp(SE473)Z(Xl,X27X3+SX4,X4)=(O 1 z+s 1).

Since z(s) is already a normal form

x(s)_<(1) ! x?S) (1)) 2(s) =z + 5.

From Proposition 2.5 we have F(z(s),a) = F(x(s),«) and the left hand side of
(2.11) in this case is computed as

d 0 dzx(s d
L.o_.F(x,a)= gF(z(s),a)\szo = %F(xa)%\szo = %F(x7 a).

So (2.11) implies

d
d—F(X7 @) = asF(x,a+e? — ),
x

Noting that o = (v, a2, a3,4) = (a—1,0,1,—a— 1) and that a — a+e?) —e)
implies oy — a1 — 1, 4 — a4 + 1, we have the contiguity relation

d
%IHw(CL;x) = IHw(CL — ].;LC).

4 Contiguity of beta and gamma functions

In this section, we show that the famous contiguity relation (recurrence relation)
I'(a + 1) = al'(a) for the gamma function can be derived from that for Gelfand’s
HGEF. We also establish the similar assertion for the beta function.

4.1 Beta and Gamma as Gelfand’s HGF

The beta function and the gamma function are defined by the integrals

B(a,b) = /01 w11 — u)’ Ldu, (4.1)
I'(a) = /OOO u e du, (4.2)

which converge for Re(a),Re(b) > 0 and for Re(a) > 0, respectively, and define
holomorphic functions there. We explain these functions can also be identified
with Gelfand’s HGF on the Grassmannian Gr(2,3) corresponding respectively to
the partitions A = (1,1,1) and A = (2,1). To the partition A, we associate the
group H) as
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hy
H(l,l,l) = h2 ‘ hl; h2a h3 7& 0 ’
hs3
hi ho
Hiyy = hy . | hi,hs #0
3

Then the characters x» : Hx — C* we use are given by

X1 (h) =h{RSPREE, artaz+az = =2,
hao
X(271)(h) = h’?l exp (a2h> hgdv a1 + a3 = —2,052 = _]-
1
Then the spaces on which Gelfand’s HGF are defined for A = (1,1,1),(2,1) are

Z(l,l,l) = {(21,2’2,23) S Mat(2,3) ‘ det(zi,zj) 75 0 (7, 7’5 ])},
Z(2,1) = {(21, 22, 23) € Mat(2,3) | det(z1,22) # 0, det(z1,23) # 0} .

The space Z) is invariant by the action of GL(2) and H) defined by the left
and right multiplication of matrices and we can consider the quotient spaces
GL(2)\Z,/H,. The quotient space consists of one point and are realized as a

subset X, of Z, as
1
71 )} CZuan),

1
X = {( 0
1 0
X(Q,l) = {( 0 1 >} C Z(Q,l)‘

The restriction of Gelfand’s HGF for A = (1,1,1) on X(; ;1) 2 X = ( (1) (1) _11 )

_ o = O

gives the beta function
F(x,a) :L(ﬁxl)al(ﬁxz)“z(ﬁxS)“3du
= /C 14*2 (1 — w)®du = B(ag + 1, a3 + 1), (4.3)
where we take C' = (ﬁ Similarly, the restriction of Gelfand’s HGF of type

A=(2,1)on X51) > x= ( L0

0 1 (1) ) gives the gamma function:

(tx1)™ exp (aa(x2)/(tix1)) (Ux3)**du

191e*2"y 3 du = T'(as + 1), (4.4)

o\o\

where we take C' = O
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4.2 Beta case

Note that the correspondence between the weights of x and the independent vari-
ables a, b of the beta is

ar=—-a—-b, ags=a—-1, az=0b-1.

The contiguity relation is linked with the action of the 1-parameter subgroup
generated by a root vector in the root space decomposition of Lie algebra gl(3):

3)=bo P oo

acEA
with the set of roots A = {e(i) — e | 1 < i # j < 3} and the root space

Get)_e) = C- E; ;, where E; ; is the (¢, j) matrix unit. Then Proposition 2.6 tells
us that we can obtain the contiguity relation

Lo _en F(x,a) = a; F(x,a + e — el9)) (4.5)

from the action of the 1-parameter subgroup generated by the root vector Ej ;.
Here, as explained earlier, the operator L,u)_.¢) is defined by

if(z exp(sE; ;))|s=0 (4.6)

(Ley—etn - F)(2) = I

and a — a+e® —el) implies that a;, o; are changed as o; — a; +1, 05 = o —1
and the rest is left unchanged.

Proposition 4.1. The operator L,u)_ ) acts on F(x,a) as a multiplication by
the constant A; ; and the relation (4.5) is written as

A jF(x,a) = ajF(x,a + e — )y,

which is rewritten into the contiguity relation for the beta function as described in
the table. In particular, it gives the relation

a
B 1,b) = ——B B 1) = B .

’ Roots \ A j \ a \ b \ Contiguity relation ‘
e —e@ | —(ay +1) | -1 B(a,b) = aibllB( —1,b)
e@ —eM [ —(ag+1) | +1 B(a,b) = “®B(a+ 1,b)
e — el [ —(a; +1) —-1| B(a,b)= a_@llB(a b—1)
e® —eM | —(ag+1) +1 B(a,b) = “2B(a,b+ 1)
e@ —e® | ay+1 [ +1]-1] B(a,b) = bTB(aJrl b—1)
e®—e@ | az3+1 | -1]+1]| B(a,b)=2 Bla—1,b+1)
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Proof. We discuss the cases of the roots +(eM") — e(?)). Consider the 1-
parameter subgroup generated by the root vector Ej o for the root e — e

and its action on x = (X1,X2,X3) = ( (1) ? _11 ):

z(s) = xexp(sE1,2) = (x1,X2,X3) 1

—( i ) = 1 s 1
= (X1,X2 5X1,X3) = 0 1 -1 .

Next we normalize z(s) to the normal form x. Put g; = ( (1) i > and h =
diag(1, ho, h3) and consider

sson=(o ) (o 1 L )e=(o m BT

Further we put go = diag(1, he) and consider

—-1 —1 o 1 0 (1+8)h3

Taking h with hy = hz = (1 +s)7!, we get
9591 2(s)h = x.
It follows from Proposition 2.5 that
F(z(s),a) = det(g1g2) *x(h,a) ' F(x,0) = (1 + 5)*2 T F(x, ). (4.7)

Since the left hand side of the contiguity relation (4.5) is given by the operator
(4.6) with (4,7) = (1,2), we compute it using (4.7) as
d
Loy _e F(x,0) = £F(z(s),a)|5:0
— (L9 Ly Fx,a)
= (g + a3+ 1)F(z,a).

This implies that A; 2 = as + a3 + 1(= —ag — 1) and (4.5) reads

- @2 1) (2)
Fx,oz—in,oH—e( —e?).
() ag +az+1 ( )
Taking into account that a; = —a — b, = a — 1,3 = b — 1, this identity is
translated to the contiguity

a—1

B(a,b) = B(a—1,b).

a+b—1



36 H. Kimura

The case for the root —(e!) — ¢(?)) is treated in a similar way. The action of the
1-parameter subgroup exp(sEs 1) on X is

2(s) = xexp(sFai) = ( LY >

Normalization of z(s) to the normal form is g5 *g; *2(s)h = x is with

~ (! — (M N
g1 = s 1 y 92 = 1 3 -
hs3

and hy = hz = (1+ s)~!. It follows from Proposition 2.5 that
F(z(s),a) = det(gigo) " 'x(h,a) ' F(x,a) = (1 + s)* T F(x, q). (4.8)
Then
L.o_.F(x,a)= %(1 +s)atestl L F(z,a) = (a1 + a3z + 1)F(z,q).

So Ay1 =01 +as+1=—ag—1and (4.5) implies
aq
ap+ag+1
Noting (a1,a9,a3) = (—a — b,a — 1,b — 1), this identity is translated to the

contiguity

F(x,a) = F(z,a+e® — ),

a+b

B(a,b) = B(a+1,b).

4.3 Gamma case

We establish a result for the gamma function similar to Proposition 4.1. Note that
the correspondence between the weights of x and the independent variable a of
the gamma function is

ai=—a—1, ay=-1, az3=a—1.

The contiguity relation is linked with the action of 1-parameter subgroup generated
by a root vector in the generalized root space decomposition of Lie algebra gl(3):

gl(3) =hD gy _e@ D o2 _c

with the set of roots A = {£(e(!) — ¢e?)}. The root vectors corresponding to
the roots e — e(® and @ — () are complex constant multiples of E, 1)_.) 1=
L3 and E,2)_.0) := E32, respectively. Then Proposition 2.6 tells us that the
contiguity relation for F(x,a) = I'(as + 1) has the form

LGU)—e(J)F(Xa a) = B] ’ F(X, o+ e(Z) - e(j))a (49)

where 31 1= aw, B2 := ag and the operator L u)_.¢) is defined by

(Letr—et - [)(2) = d%f(z exp(sEe) _e(i))|s=0- (4.10)
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Proposition 4.2. The operator Lo _.;) acts on F(x,a) as a multiplication by
the constant A; ; and the relation (4.9) is written as

A jF(x,a) =B F(x,a + ¥ — ey,

which is rewritten as the contiguity relation for the gamma function described in
the following table. In particular, it gives the relation I'(a + 1) = al'(a).

’ Roots \ Aij \ a \ Contiguity relation ‘
e — e 1 -1 |T(a)=(a—1)T'(a—-1)
e@ —eM [ —(as+1) | +1 | —al(a) = -L(a+1)

Proof. The strategy of proof is the same as in the beta case. Consider the
1-parameter subgroup generated by the root vector F 3 for the root e — e

100 ) and obtain

and its action on x = (x1,X2,X3) = ( 001 1
0 s
11/

O =

Z(S) = XeXp(SELg) = (X17X2,X3 —|— SX:[) = (

We normalize z(s) to the normal form x. Put

L 1 hy
92(01)’ h= 1

—1 . 1 hQ—S 0
g z(s)h(o 1 N

Then we have g~1z(s)h = x by taking h with hy = s. It follows from Proposition
2.6 that

and consider

F(z(s),a) = det(g) " 'x(h,a) ' F(x,a) = e*F(x, a). (4.11)

Since the contiguity relation is given by (4.9), (4.10), we compute the left hand
side of (4.9) using (4.11) as

d d
L.vy_.oF(x,a) = £F(z(s), a)|s=0 = £65‘S:0 - F(x,a) = F(x,a).

So L.1)_.2 acts on F(x, «) as a multiplication by the constant A; » = 1 and (4.9)
implies
F(x,a) = foF(z,a+ el —e®?),

Taking into account the fact that (o, as,a3) = (—a—1,—1,a—1), a+eM —e? =
(a1 + 1, 9,3 — 1) and B2 = as, this identity reads as the recurrence relation

I'a) =(a—1)T'(a—1).
The case for the root e(?) — e(1) is shown in the same way, so we omit it.
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