Kumamoto J. Math.
Vol.37 (2024), 1-9

Note on the Type II codes of length 24

Shoyu Nagaoka and Manabu Oura

(Received November 14, 2023)
(Accepted November 22, 2023)

Abstract. We express the weight enumerators of self-dual and doubly even
(Type II for short) codes of length 24 with a specified basis. As a conse-
quence, we present some congruence relations among the weight enumera-
tors.

1 Introduction

The main theme of this paper is the weight enumerators of Type II codes of length
24. We shall briefly describe the properties of the weight enumerators and the
relationship between coding theory and number theory. The weight enumerators
of Type II codes carry the invariance properties under the action of a finite group.
In fact, the invariant ring over C under the action of the unitary reflection group
of order 192 can be generated by the weight enumerator of Type II codes [7]. This
theorem is generalized in [15, 10]. If we substitute certain theta functions into the
weight enumerators of Type IT codes, we can get Siegel modular forms [3, 14]. This
modular form can be also obtained as follows. For a Type II code C' C F%§, we
construct an even unimodular lattice %p‘l(C) where p : Z" — (Z/2Z)" = F} [5].
This correspondence between codes and lattices serves to be of great importance for
the development each other. Anyway, the theta function of the lattice %p‘l(C)
is the same as the modular form obtained from the weight enumerator of the code
C.

In the paper [8], they studied the theta series of even unimodular lattices of
length 24. Among other results, they show that for an even unimodular lattice £
with Coxeter number h, it holds

9P = (BP)? + 24(h — 30)Y,) + 48(h — 30)X Y
+24(h — 30)(2h? 4 48h + 1571) Fy»

where Ef’), Y1(23 ), X 1(3) are suitable Siegel modular forms in genus 3 with integral
Fourier coefficients and Fio is Miyawaki’s cusp form of weight 12. In particular
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F5 vanishes under the action of Siegel’s Phi operator. The purpose of this note is
to give the similar results in coding theory. There exist 9 Type II codes of length
24 up to equivalence, denoted by C; (i = 1,2,...,9). We can attach the number
h; for C; as in the case of lattices. We show, for i =1,2,...,9,

WS = WE +6(4h; — T) Xau + 24(2h; + 3)(4h; — T)Yau

where Xo4, Ya4 are linear combinations of the weight enumerators in genus 2 and
O (Xqy) = 2yt (z* —y*)*, ®(Ya4) = 0. The ® applying to polynomials corresponds
to Siegel’s Phi operator.

2 Preliminaries

Let Fy = {0, 1} be the field of two elements. We sometimes regard it as Fo C Z.
The vector space F4 is equipped with the inner product

UV =UV] T+ UpUy

for u = (u1,...,up), v = (v1,...,v,) € Fy. The weight wt(u) of u € FY is the
number of non-zero coordinates of u. A subspace C of F} is called a (linear) code
of length n. The dual code of C' is defined by

Ctr={ueFy: u-v=0, YveC}.

If C = C+, then C is said to be self-dual. If wt(u) is a multiple of 4 for all u € C,
then C is said to be doubly even. In this note, we deal with the self-dual and
doubly even codes. We call them Type II codes for short.
We give some codes with generator matrices (i.e., rows generate each code).
We put
111100 ... 0000

001111 ... 0000
d, :

000000 ... 1111

for n=4,6,8,..., and
0111100
er: | 0110011
1101010

i

11110000
00111100
00001111
10101010

€g

We denote by go4 the binary Golay code of length 24. The code go4 is a unique
Type II code of length 24 which contains no element of weight 4, see [5].

It is known that a Type II code of length n exists if and only if n =0 (mod 8).
Two codes are said to be equivalent if one can be obtained from the other by
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permuting coordinates. Under this equivalence, classification of Type II codes is
completed up to n = 40, see [12, 13, 4, 1]. Type II codes of length 24 are presented
at Table 1. The 7th code in that table is the binary Golay code ga4.

Table 1: Classification of Type II codes of length 24.

i 1 2 3| 4 5 6 7 8 9
Components | d?, | dioe2 | d3 | di | dog | dS | goa | diges | €3
n 3] 1 [3lelwlalo] |3
For a code C, the weight enumerator of C' in genus g is defined by
Wé?)(xa ca€eF)) = Z H zZa(ul """ tg)
ui,...,ug€C a€FY
where ng(ui,...,uy) = 8{i : @ = (u1s,u2,...,u4)}. In genus 1, we may use z,y

instead of xg,z1. If C' is of length n, we have the usual weight enumerator

Wél) (Jf,y) _ Z xnfwt(u)ywt(u).
ueC

The number h; is obtained as the number of elements of weight 4 of each component
divided by the dimension. This number can be read off from the weight enumerator
given below, that is, a coefficient of 2" 4y* divided by n.

In the following, we may write Wég) for simplicity. For codes C' and C’, we
have W, = W W),
For a column vector a € F§, we define a map
®:Clz, € FY] = Clzy :d' € FI ]

!

Ty ifa= 4 ,
0
Ty )
0 ifa=["
1

It holds (W) = w1 (¢f. 15, 9)).

It is known that the ring generated over C by the weight enumerators of Type
IT codes in genus ¢ coincides with the invariant ring of some finite group, see
[7, 6, 15]. In particular, a basis of the vector space generated over C by the weight
enumerators of Type II code of length 24 in g = 1,2 is

1 1
W, W)
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and
W
For completeness, we add here the weight enumerators in genus 1.
W) =at 4+,
Wéi) = 2% + 3224
We(:) =2’ + 7:c3y4
chi) — 28 + 6xtyt + 48,
We(sl) = 2% 4 1oyt 4+ 45,
W =210 1 1025y* + 522y
WCEB =o' + 1528y + 152%° + y'2,
We = 210+ 28212y" + 702%y® + 28ay!? + 410
Wi = a2t 4 6622y" + 495010y® + 924212y + 495x8 10 4+ 662y + v

dag

The coefficient of "4y is the number of elements of weight 4 and each component

of a Type II code of length 24 has the same number, that is, nh;. For the Type II
codes of length 24, we mention

Wéi) — LE24 +66:L‘20y4+4951‘16y8 +2972l‘12 12 +495x8 16 +661‘4y20 +y24’
W = o 4 75921%y® + 2576212y 12 + 7592510 4 2
and

a 4w
W) = 7W - W)

3 Results

We start with the case g = 1. Let A = x*y*(2* — y*)*. The vector space of the

weight numerators of Type II codes in genus 1 is spanned by W&) and A. By
direct calculation, we get the following identity: For i =1,2,...,9, we have

1
Wi =W +6(4n; — T)A.
Using this, we obtain
Proposition 1. (1) Leti and j be distinct integers in 1,2,...,8. If 4h; = 4h,
(mod m) for an integer m, then

Wéll) = W&) (mod 6m).

(2) Let C,,Cp be Type II codes of length 24 with hy < hg. Then we have

) _ hi —hg ) | hi 1
w = _hﬂW +h5—hW

fori=1,2,...,9.
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Proof. We need only to prove (2). Set
W = aWl) + o).

Applying (1), we get a system of equations

a+b=1,
6(4ho — 7)a + 6(4dhg — 7)b = 6(4h; — 7).
Since the determinant of the matri 1 1 is —24(ho —hg) #
Y \6(4hy —7) 6(4hg —T) a6
0, we get a and b. This completes the proof of Proposition 1.

We add a few words on (1) of Proposition 1. For i < j, we denote by m the
number presented at the (h;, h;)-entry in Table 2. Then (1) of Proposition 1 says

that (Wél) . Wé?)/6m is in Z[x,y]. One can say more. By direct calculation, we

observe that the resulting (Wél) - Wéi)) /6m contains a monomial with coefficient
1or —1.

Table 2: Possible m in (1) of Proposition 1.

ho | hs | ha | hs | he | hy | hs
hi | 1 3161|452
ha 1 2| 71343
hs 1181213 |4
ha 9 1 2|5
hs 10 | 11 | 4
he 116
h7 7

We consider the case g = 2. The vector space of the weight enumerators of
Type II codes of length 24 in genus 2 is spanned by Wézg), Wéi), Wézs) Let

F=aWs + oW + Wl
Now we consider the action of ® on F. In order to make our discussion smooth,

we set

_1
42
@, 40 (2)

Y = 77WC9 + ?WC7 + WCS .

(w2 - W),
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Since @(Wég)) = Wégfl), we have
(1 (1) 1
O(F) = aWl) + bW + WS,

1 (1 11y 4.
=aWl) + W) +c (7Wé9 - W, )

11 1) 4 1)
— (a+7c> WC9 + (b— ?c Wc7~

Then
11 4
<I>(F):0<:>a+7c:b—?c:0
a= 7c, —70
& F=cY.
Also
11 1 4 1
_ oA 44 A\ S L, ox L
O(F) =2y (2" —y*) @a—i—?c 42,b =C 3
JRPUE SR E DA T
TR’ Ty
&S F =X+ ¢Y.

We have thus obtained the following proposition.
Proposition 2. (1) ®(F) =0 if and only if F = c¢Y for some constant c.
(2) ®(F)= A if and only if F = X + cY for some constant c.

We introduce the following polynomials of Z[z, : a € F3] from [11]:

1
X=X — —Y,
24 44a
Y= " v
YN R

Polynomials W¢,, Xo4, Yaq form a basis of the vector space of the weight enumer-
ators of Type II codes of length 24. By Proposition 2, we have

B(Xa) = B(X) ~ ;0(Y)

and
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The coefficient c(h;) of Ya4 in
WC,; = Wé«i) -+ 6(4]11 — 7)X24 + C(hi)Y24

can be obtained by direct calculation. Therefore we have the following theorem
corresponding to that of theta series in [8] mentioned in Introduction.

Theorem 3. (1) ®(X24) = A and P(Yaq) = 0.

(2) Fori=1,2,...,9, we have
WS = WE +6(4h; — ) Xaa + 24(2h; + 3)(4h; — T)Yau.

Corollary 4. Let i and j be distinct integers in 1,2, ...,8. If 4h; = 4h; (mod m)
for an integer m, then
Wé?l) = Wé? (mod 6m).

In order to state the next corollary, we introduce the Lagrange polynomial
Le(x). For e € {a, 8,7}, we set

Tr—x
t@)= [ —*
pefa,B9) "€ "

nFe

Corollary 5. Let Co,Cg,C, be Type II codes of length 24 with ho < hg < h,.
(2

i

Then fori=1,2,...,9, the weight enumerator W, ) has the following expression:

WE = la(h)WE + 5(h)WE) + £, (h)WE.

Proof. We set
WD = aW) + W) + W,

We apply the expression in Theorem 3 to each Wéi), Wé?, Wéi), we get a system
of equations

a 1
Alb = Co(hi)
C Cl(hi)
where
1 1 1
A= |co(ha) colhs) colhy)
c1(ha) ci(hg) ci(hy)
and

c1(h) = 24(2h + 3)(4h — 7).

Since det A = —4608(ho — hg)(ha — hy)(hg — h) # 0, we can solve the system of
equations and get the result. This completes the proof of Corollary 5.
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There are two classes of Type II codes of length 16. A remark is that their

weight enumerators are distinct in ¢ = 3. This remark is important in number
theory and we only mention a reference [14]. Inequality of the mentioned weight

enumerators in g = 3 leads to Wg;) #+ Wé?;) Combining this with hg = hg, we see
that Theorem 3 (2) can not be extended to the case g = 3.
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